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Semi-Analytical Formulas for Launcher Performance Evaluation

Emanuele Di Sotto¤ and Paolo Teo� latto†

University of Rome “La Sapienza,” 00184 Rome, Italy

A method for the evaluation of launch vehicle performance is presented. The method avoids the CPU-intensive
computationsneeded to � nd a launch trajectory by a numerical optimizationprogram, and it is based on variation
of velocity balance formulas previously introduced. These formulas have been extended to allow a more realistic
model of the launcher, including multistaging,variable thrust, nonlinear mass rate, etc. The results obtained show
that accuracy is good, because the error in the estimate of the maximum payload mass that can be inserted into
required orbits is below 10%. Moreover, the formulas developed can provide, in a very short time, a complete
trajectory that can be a suitable input for trajectory optimizers.

I. Introduction

I N the early design phase of the project of a new launcher, it
is important to have some fast tool for launcher performance

evaluation. Such a tool has to be suf� ciently accurate to drive the
design choices and must eliminate the lengthycomputationsneeded
to � nd optimal trajectories.

Launcher performanceevaluationbased on optimal trajectoryde-
termination may require many hours of computation on powerful
workstations and must be supported by a specialist who has to pro-
vide the optimizer with suitable input to allow convergence.Thus,
an elementary method of launcher performance evaluation, not re-
quiring any particular skill of the user, is useful. For that reason, a
long time ago, a paper-and-pencillauncher performance evaluation
was introduced,based on the concept of velocity variation balance:

1V D c log.m0=m f / ¡ 1Vg ¡ 1Va ¡ 1Vc ¡ 1Vd

where c is the exhaust speed of the rocket propellantand m0 and m f

are the initial and � nalmass, respectively.The term c log.m0=m f / is
the velocityprovidedby the launcherpropulsionunits (Tziolkowski
law) and the other 1V are the so-called gravity, aerodynamic,pres-
sure and disalignment losses.

If the precedingvariationof velocitybalanceis positive,the target
orbit may be achieved with � nal mass m f . The � nal mass is the sum
of a structuralmass ms and a payloadmass mu : m f D ms C mu . The
maximum mu , which still gives positive balance, is an evaluationof
the maximum payloadmass that can be inserted into the target orbit
(launcher performance). The key point is the correct evaluation of
such 1V losses: The known methods of evaluation (for instance,
Refs. 1 and 2) are too inaccurate to be useful; errors up to 60% can
result from such methods.

In the present paper, a method for 1V loss and launch perfor-
mance evaluation is proposed, based on a fast and suf� ciently ac-
curate estimate of the launcher trajectory.Results show that a much
better accuracy is obtained using this method, the error in the pay-
load mass being below 10%. The target of both a fast and accurate
algorithmfor launcher performance evaluation seems to be reached
and several other results emerge. Some crucial points in launcher
trajectory computation have been dealt with. One of these is the
choice of the kick angle, which is the angle the thrust vector makes
with the vertical direction a few seconds after the launch. Small
differences in the kick angle produce very different conditions at

Received 31 May 2001; revision received 30 October 2001; accepted for
publication 2 November 2001. Copyright c° 2001 by the American Insti-
tute of Aeronautics and Astronautics, Inc. All rights reserved. Copies of
this paper may be made for personal or internal use, on condition that the
copier pay the $10.00 per-copy fee to the Copyright Clearance Center, Inc.,
222 Rosewood Drive, Danvers, MA 01923; include the code 0731-5090/02
$10.00 in correspondence with the CCC.

¤Doctorate Student, Scuola di Ingegneria Aerospaziale, v. Eudossiana 18;
currently Project Engineer, Grupo de Mechanica del Vuelo Madrid, Calle
Isaac Newton 11, P.T.M.-Tres Cantos E-28760 Madrid, Spain.

†Associate Professor, Aerospace Department, v. Eudossiana 18.

the end of the gravity turn trajectory. Despite this sensitivity, the
kick angle can be chosen easily in the present approachbecause the
gravity turn trajectory is computed analytically. In fact, a solution
proposed by Culler and Fried3 has been extended here to provide a
more realistic model of the launcher including multistaging, vari-
able thrust, and nonlinearmass rate. Moreover, in a very short time,
the semi-analytical formulas developed give a complete trajectory
that provides suitable input for numerical trajectory optimizers.

The paper is organizedas follows. In Sec. II, the formulas for ve-
locity losses are recalled.To have a useful estimate of these velocity
losses, it is necessary to determine the trajectory with suf� cient ac-
curacy, and Sec. III is devoted to the analytical computation of the
gravity turn phase. These gravity turn trajectories are compared to
the ones obtained by numerical integration:Comparison shows that
the formulas introducedare very accurate. In Sec. IV, the trajectory
is completed: A coasting and guided phase lead the launcher to the
target altitude. The analysis of Secs. III and IV allows a fast com-
putation of the state trajectory variables. These are used to evaluate
1V losses and launcher performance. Several examples, reported
in Sec. IV, show that the estimated payloadmass mu is fairly close to
the one obtainedby a numericalprogram,which solves the launcher
trajectoryoptimizationproblemin its full generality,with mu as cost
function.

II. Velocity Variation Balance
The launcher velocity variation is governed by the differential

equation (the lift force being neglected):

dV

dt
D

T

m
cos.®/ ¡ g sin.° / ¡

D

m
(1)

where ® is the angle between the inertial velocity vector V and the
longitudinal axis of the launcher; ° is the � ight-path angle, that is,
the angle between V and the local horizontal direction; T is the
thrust; m is the launchermass; g D ¹=r 2 is the gravity; and D is the
atmospheric drag (see Ref. 4). Integration of Eq. (1) gives

1V D
Z t f

0

T

m
d¿ ¡ 1Vg ¡ 1Va ¡ 1Vc ¡ 1Vd

In the preceding formula, the total velocity variation 1V is given
by the Tziolkowski term minus the gravitational, aerodynamical,
overpressure,and disalignmentlosses.These are de� ned as follows.
The gravity loss is de� ned by

1Vg D
Z t f

0

¹

r 2
sin.° / dt D g

Z t f

0

sin.° / dt (2)

where a constant gravitational � eld is assumed. The aerodynamic
loss is de� ned by

1Va D
Z t f

0

D

m
dt (3)
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The overpressure loss is de� ned by

1Vc D
Z t f

0

.press£ Su/ dt (4)

where press is the external pressure at the current altitude and Su is
the engine nozzle surface. This term 1Vc maximizes the possible
thrust loss (hence, the related velocity loss) due to possible � ow
overexpansion that may occur for lauchers equipped with constant
geometry nozzles. The disalignment loss is de� ned by

1Vd D
Z t f

0

T

m
[1 ¡ cos.®/] dt (5)

and measures how much variationof velocity is lost when the thrust
direction is not parallel to the direction of the velocity (® 6D 0).

These 1V losses depend on the launcher state variables, that is,
on the launcher trajectory. An estimate of the 1V losses is useful:
the given balance between the velocity variation provided by the
engines (Tziolkowski term) and the velocity losses would make
clear if the target orbit can be reached for a given mass budjet and
would provide an evaluation of the launcher performance. To get a
good estimate of 1V losses, the launch vehicle trajectory will be
de� ned starting from the gravity turn phase.

III. Gravity Turn Phase
The aerodynamic loads acting on the launcher during the atmo-

spheric part of the trajectory constrain the steering law to keep the
angle ® close to zero. In this phase, the gravity � eld turns the ve-
locity vector direction from the local vertical, and so this arc of the
launcher trajectory is called gravity turn. The gravity turn is quite
sensibleon the initialanglebetween the velocityvectorand the local
vertical direction,the so-calledkick angleÂ0 . This angle is achieved
a few seconds after the liftoff by a rotation of the launcher about its
transversal axis (pitchover maneuver).

Figure 1 shows the values of the perigee altitudes reached at the
third-stageburnoutof a four-stagelauncherwith parametersde� ned
in the Appendix. All of the three stages of the launcher followed a
gravityturn trajectorystartingfromdifferentvaluesof thekick angle
Â0 chosen in the interval [4.9, 6.2 deg]. Fixing the kick angle Â0 , the
positionand velocity reachedby the third stage are computed: these
give the semi-axis and the eccentricity,hence the perigee height, of
the orbit that the launcher would follow in a coasting phase. The
� ve values marked by a circle in Fig. 1 generate orbital conditions
(perigeegreaterthanEarth radius), theothervalues,markedbya plus
sign, have perigee lower than the Earth radius. Note that the orbital
conditions are achieved only for Â0 in the small range 1 D [5.31,
5.34 deg]. For any other choice of the kick angle, the launcher falls
to Earth (see Ref. 5). The kick angles in the interval 1 correspond

Fig. 1 Perigee altitude reached by the � rst three stages in gravity turn
trajectory vs kick angle.

Table 1 Perigee altitudes reached by gravity turn
trajectories at third-stage burnout

Kick angle, deg ° f , deg Perigee altitude, km

6.200 ¡5.00 ¡6078
5.350 ¡0.10 ¡135
5.340 ¡0.07 11
5.388 ¡0.05 90
5.333 0.00 184
5.320 0.05 91
5.310 0.07 11
5.300 0.10 ¡135
4.900 5.00 ¡6091

Fig.2 Final � ight-pathanglereached by the � rst three stages in gravity
turn trajectory vs kick angle; trajectories reaching orbital conditions
have � nal � ight-path angle close to zero.

Fig. 3 Gravity turn trajectories performed by the � rst three stages for
different values of kick angle; trajectories reaching orbital conditions
are in the middle.

to those trajectorieshaving an almost vanishing � ight-pathangle ° f

at the end of the gravity turn (Fig. 2 and Table 1). Note that the max-
imum perigee altitude is reached by the trajectory with ° f D 0, that
is, the � attest trajectory (Fig. 3). In fact the gravity loss formula (2)
of Sec. II states that 1Vg depends on sin.° /, that is, gravity loss is
bigger for steep ascent trajectories with respect to � at ones. Then,
in the de� nition of the launch trajectory, it is reasonable to select
the kick angle Â0 that would generate a gravity turn with ° f D 0
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Fig. 4 Thrust (in newton) variations of a four-stage launcher.

Fig. 5 Propellant mass (in kilogram) variation of a four-stage launcher.

at the third-stage burnout. The search for Â0 leads to a two-point
boundary-value problem whose input are generally tabulated data
of thrust, mass, and mass rate as a function of time. Figure 4 shows
the thrust, and Fig. 5 shows the propellantmass variationswith time
for the four-stage launcher reported in the Appendix. To solve such
a two-point boundary-valueproblem in short time, it is convenient
to rely on a simpli� ed model allowing semi-analytic solutions, and
the accuracy of these solutions will be improved relaxing some of
the assumptions introduced in the simpli� ed model.

Exact solutionsof the gravity turn trajectoryare known under the
following two conditions on thrust and mass variations: Condition
A is constant thrust to weight ratio3;4;6 and condition B is constant
thrust and linear propellantmass variation.3 In addition, the follow-
ing assumptionsare made: 1) single-stagelauncher,2) aerodynamic
forcesneglected,3)nonrotatingEarth,4) planarlaunch,anduniform
gravitational � eld.

For completeness, the derivation of the solutions proposed in
Ref. 3 under conditions A or B and assumptions 1–5 will be
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presented. Then more general formulas will be introduced to re-
move restrictions 1– 4.

Under assumptions1–5 the gravity turn equations are

PV D T=m ¡ g sin.° /; V P° D ¡g cos.° / (6)

or, as a function of the pitch angle Â D ¼=2 ¡ ° ,

PV D T=m ¡ g cos.Â/; PÂ D g=V sin.Â/ (7)

The transformation

z D tan.Â=2/

allows to express the trigonometrical functions of Eq. (7) as ratios
of polynomials:

cos.Â/ D 1 ¡ tan2.Â=2/

1 C tan2.Â=2/
D 1 ¡ z2

1 C z2

sin.Â/ D tan.Â=2/

1 C tan2.Â=2/
D 2z

1 C z2

Moreover,

Pz D
PÂ=2

cos2.Â=2/

then

PÂ D 2Pz=.1 C z2/ D .g=V /[2z=.1 C z2/]

where the last equality follows from the second equation in Eq. (7).
Then Eqs. (7) become

PV D T=m ¡ g[.1 ¡ z2/=.1 C z2/]; Pz D .g=V /z (8)

The ratio of the two equations gives the single equation

dV

dz
D

³
n

z
¡ 1 ¡ z2

1 C z2

1
z

´
V ; n D

T

mg
(9)

If condition A holds true, n is constant and the variables in Eq. (9)
can be separated, thus leading to the known solution:

V D Azn ¡ 1.1 C z2/ (10)

t D .A=g/zn ¡ 1[1=.n ¡ 1/ C z2=.n C 1/] (11)

In Eq. (10), A is determined by the initial conditions V0 and z0.
In fact, under the preceding assumptions, the initial launching con-
ditions (that is, launcher on the vertical and staying on the launch
pad) correspondto thevalues V0 D 0 and Â0 D z0 D 0. As observedin
Ref. 3, formulas (10) and (11) satisfy the differential equation with
the given initial conditionsirrespectiveof the value of A. This is be-
causeof the singularityofEq. (8) for V D 0, so that the Cauchyprob-
lem with the initial launching conditions does not select a unique
solution,but rather a one-parameterfamily of solutionswith param-
eter A. This fact is not merely a mathematical curiosity;actually the
parameter A is used here to select the solution of the family having
the desired� nal conditions.In the presentcase, this means imposing
that the solution has a vanishing � ight-path angle at launcher burn
time tb , that is, z f D 1 when t D tb . From formula (11), one obtains

A D .g=2/[.n2 ¡ 1/=n]tb (12)

Formula (10) with A taken from Eq. (12) gives the gravity turn
velocity corresponding to initial launching conditions V0 D 0 and
Â0 D 0 and � nal condition ° f D 0.

To supress assumption 1, solution (10–12) is now generalized
to multistage launchers. Let the case of a three-stage launcher be
considered,with constant thrust to weight ratios n1, n2, and n3 . For
each of the three stages, there are equationssuch as Eqs. (9) and (10)

with variables .Vi ; zi /, i D 1; 2; 3. Then the following formulas are
obtained by separation of variables:

V1 D A1zn1 ¡ 1
1

¡
1 C z2

1

¢
; tb1 D

A1

g
zn1 ¡ 1

1 f

³
1

n1 ¡ 1
C

z2
1 f

n1 C 1

´

(13)

V2 D A2zn2 ¡ 1
2

¡
1 C z2

2

¢

t¤
b2 ¡ tb1 D

A2

g

µ
zn2 ¡ 1

2 f

³
1

n2 ¡ 1
C

z2
2 f

n2 C 1

´

¡ zn2 ¡ 1
20

³
1

n2 ¡ 1
C

z2
20

n2 C 1

´¶
(14)

V3 D A3zn3 ¡ 1
3

¡
1 C z2

3

¢

t¤
b3 ¡ t¤

b2 D
A3

g

µ
zn3 ¡ 1

3 f

³
1

n3 ¡ 1
C

z2
3 f

n3 C 1

´

¡ zn3 ¡ 1
30

³
1

n3 ¡ 1
C

z2
30

n3 C 1

´¶
(15)

where t¤
b2 is the sum of the burn times of the � rst two stages: t¤

b2 D
tb2 C tb1, and t¤

b3 is the sum of the three burn times: t¤
b3 D tb3 C

tb2 C tb1. In formulas (13–15) Ai , zi f , and zi0 are unknownconstants,
which will be determined as follows. The required � nal condition
is z3 f D 1, and for continuity of the solution one must have

z1 f D z20; z2 f D z30 (16)

V1 f D V20; V2 f D V30 (17)

This means that the state variables at a stage burnout must be equal
to state variablesat the ignition of the following stage (at this point,
no coastingphase is considered). The � rst equality in Eq. (17) reads

V1 f D A1zn1¡1
1 f

¡
1 C z2

1 f

¢
D V20 D A2zn2¡1

20

¡
1 C z2

20

¢

Because of Eq. (16), one has

A1=A2 D zn2 ¡ n1
20 (18)

and in the same way, one gets

A2=A3 D zn3 ¡ n2
30 (19)

Equations (18) and (19) togetherwith the following three equations
[taken from formulas (13–15) and constraints (16)]

tb1 D
A1

g
zn1¡1

20

³
1

n1 ¡ 1
C

z2
20

n1 C 1

´

tb2 D
A2

g

µ
zn2¡1

30

³
1

n2 ¡ 1
C

z2
30

n2 C 1

´
¡ zn2¡1

20

³
1

n2 ¡ 1
C

z2
20

n2 C 1

¶́

tb3 D
A3

g

µ
2

n3

n2
3 ¡ 1

¡ zn3¡1
30

³
1

n3 ¡ 1
C

z2
30

n3 C 1

´¶

give � ve equations in the � ve unknowns A1; A2; A3; z20 , and z30. It
is possible to solve for the unknown values, then get the solution
(13–15) of the three-stagegravity turn trajectorywith � nal condition
° f D 0.

In the preceding formulas, condition A forces consideration of
average thrust and mass values Tri and Nm i for each of the three
stages and de� nition of ni D Tri = Nm i . A more realistic result can
be obtained considering each stage i composed by Ni ¡ 1 virtual
substages, if Ni is the number of tabulated thrust and mass data
available for stage i . For instance, in the example of Fig. 4, stage 1
is composed of 10 virtual substages, stage 2 of 9 virtual substages,
and stage 3 of 10 virtual substages. The preceding formulas can
be applied considering constant thrust to weight ratios ni j for each
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substage and imposing boundary conditions analogous to Eqs. (16)
and (17) between each pair of consecutive virtual substages.

Moreover, a more accurate trajectory can be obtained applying
the same procedure with the condition B of linear mass decrement
in each of the substages, thus generalizing to multistage launchers
the gravity turn solution of Ref. 3.

To obtain their gravity turn solution under condition B, Culler
and Fried3 introduced the transformation

z D eÁ

which makes system (8) equal to

dV

dt
D

T

m
C g tgh.Á/; V

dÁ

dt
D g (20)

Integration of the � rst equation gives

V .t/ D
Z t

0

T

m
dt C g

Z t

0

tgh[Á.¿ /] d¿ (21)

where the � rst integral is the Tziolkowski term and the second one
is the gravity loss. Integrating the second of Eqs. (20), one obtains

Á.t/ D ¡
Z t f

t

g

V
d¿ C Á.t f /

that is,

Á.t/ D ¡
Z t f

t

»
g

¿µZ ¿

0

T

m
ds C g

Z ¿

0

tgh.Á/ ds

¶¼
d¿ ¡ k

(22)
where k is related to the (required) � nal � ight-path angle:

k D ¡Á.t f / D ¡ log[z.t f /] D ¡ log[tan.Â f =2/]

D ¡ log..tanf[.¼=2/ ¡ ° f ]=2g// (23)

Because the initial condition z0 D 0 would imply

lim
t ! 0

Á.t/ D ¡1

the further transformationhas been de� ned in Ref. 3:

Ã D tgh.Á/

The variable Ã has the correct boundary condition,

Ã.0/ D ¡1 (24)

and it satis� es the integral equation,

Ã.t/ D tgh

» Z t f

t

µ
g

¿³Z ¿

0

T

m
ds C g

Z ¿

0

Ã ds

´¶
d¿ ¡ k

¼

(25)

The solutionof the integralequation(25) is foundby iterations,start-
ingwith the initialchoiceÃ.t/ D ¡1 forany t , whichclearlysatis� es
the boundary condition (24). To generalize the Culler–Fried solu-
tion (25) to multistage launchers, allowing also virtual substages,
the following formula is here introduced:

Ã.t/ D tgh

»Z t f

t

µ
g

¿³Z ¿

0

X

i j

Ti j

m i j
±i j ds C g

Z ¿

0

Ã ds

¶́
d¿¡k

¼

(26)

In formula(26), ±i j .t/ D 1 if t is lower than the (total) burningtime of
the stage i (t < t¤

bi
) and within the interval of the virtual substage j ;

in all other cases, ±i j .t/ D 0. Once Ã has been found, formula (21)
allows the computation of both the gravity loss and the velocity
pro� le of the gravity turn trajectory having the assigned � nal path
angle. In formula (26), k is the parameter of the family of gravity
turn trajectories having initial launching conditions V .0/ D 0 and
Â.0/ D 0 (as A was the parameter for the same solutions under

Table 2 Trajectory data errors at
second-stage separation

Parameter Value

V f , m/s 1.8
° f , deg 2.6
Altitude, km 1.1

conditionA)and it canbe related to the � nal � ight-pathangle° f . For
instance, the gravity turn with a zero � nal path angle ° f corresponds
to z.t f / D 1; hence, k D 0 [see formula (23)].

The results given by formulas (21) and (26) have been compared
to the results obtained by a numerical program that solves the tra-
jectory optimization problem de� ned in full generality and having
the maximum payload mass as a cost function.

In the following test, the numerical program has been run under
assumptions1 and 2 (no drag and no Earth rotation), the target orbit
is circular of altitude of 1200 km and inclination i D 100 deg. The
numericalprogram� nds theoptimalkick angle, theoptimalcoasting
time, and some guidanceparameters for the third-stagetrajectory to
have maximum payload at the target orbit. Table 2 shows the errors
of the preceding gravity turn formulas with respect to the results
of the numerical optimization program at the time of the second-
stage burn out (the same payload mass mu is assumed in the two
algorithms). It is apparent that the preceding formulas give a quite
an accurate result for the velocity and height values, whereas an
error occurs in the � ight-path angle. This error is related to the � at
Earth approximation in formulas (21) and (26). In fact, if the Earth
curvature is taken into account by the formula

±° D tan¡1 .X=RE /

where X is the range value and RE the Earth radius, the correction
to the ° value

° ¡! ° C ±°

makes the error in ° lower than 0:2 deg.
It turns out that the gravity turn phase, neglecting drag and Earth

rotation, is very well modeled by formulas (21) and (26), and the
choice ° f D 0 in the formulas makes the result close to the optimal
one. Moreover, the problem of the choice of the kick angle has
been circumvented: In the preceding semi-analytical gravity turn
trajectories, the kick angle is an output of the a priori choice to have
� ight-path angle equal to zero at the end of the third-stage gravity
turn trajectory, that is, ° f D 0 for t D t¤

b3
.

In fact, the gravity turn trajectory will be followed only in the
atmospheric � ight, typically till the second-stage burnout. At that
time, to include drag and Earth rotation effects, the velocity will be
updated as described in the next section.

IV. = V Loss Evaluation and Guided Phase
At the end of atmospheric � ight, the velocity VG and � ight-path

angle ° are corrected to make the assumptions2–4 of the preceding
section less restrictive. The aerodynamic drag effect can be taken
into accountby evaluating,using formula (3), the 1Va aerodynamic
loss along the gravity turn trajectory VG.t/; ° .t/ obtained in the
preceding section. The overpressure loss 1Vc can be computed by
formula (4). Then restriction2 is relaxedby subtracting1Va C 1Vc

from the gravity turn velocityVG at theendof theatmospheric� ight.
To remove assumptions 3 and 4, the following arguments are

introduced.First the azimuth angle at launch Ã is chosen according
to the well-known formula

sin.Ã/ D cos.i/=cos.¹/

where i is the inclination of the target orbit and ¹ is the launch
site latitude. This choice of the azimuth angle selects the plane
5 of the trajectory (provided i ¸ ¹) (Ref. 7). However, the ear-
lier computation is based on the relative velocity VG and does not
take into account that the launcher has an initial velocity equal to
the Earth velocity VE D X ^ RE . This velocity has a component
in-plane5, V¼ , and an out-of-planecomponentVn (Fig. 6). In Fig. 6
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Fig. 6 Determination of the azimuth launch angle.

and in the following formula (29), VG and V¼ are regarded as par-
allel, thus approximating cos ° f » 1 and sin ° f » 0, with error of
order ° 2

f .
The launcher will have the velocity in plane 5:

V0 D VG C V5

if a different azimuth angle is chosen and a variation of velocity is
considered to compensate the out-of-planevelocity Vn (Ref. 8). In
fact, let V be the velocity such that

V C Vn D V0 (27)

and let s be its azimuth angle (Fig. 6). Relationship (27) gives

V D V0 ¡ Vn (28)

and

V 2 D V £ V D .V0 ¡ Vn/ £ .V0 ¡ Vn/ D V 2
0 C V 2

n

where the last equality holds because V0 and Vn are orthogonal
vectors.

The azimuth angle s of V can be found writing Eq. (28) in the
north and east components.

North component:

V cos.s/ D V0 cos.Ã/ ¡ Vn sin.Ã/

East component:

V sin.s/ D V0 sin.Ã/ C Vn cos.Ã/

and dividing the east by the north component,

tan.s/ D
V0 sin.Ã/ C Vn cos.Ã/

V0 cos.Ã/ ¡ Vn sin.Ã/

Therefore,to have thevelocityV0 in theplane5, oneshouldhave the
azimuth angle s and the velocity V. Because the velocity provided
by the vehicle plus V5 has modulus V0 < V , an extra velocity1Van

would be necessary in the same direction of V with modulus,

1Van D V ¡ V0 D
p

V 2
0 C V 2

n ¡ V0

and the correction 1Van relaxes the assumptions 3 and 4. Note
that, as for the other velocity losses, the Earth rotation is entirely
compensated at the end of the gravity turn. This choice, although
not optimal, allows the consideration of a simple planar guidance
law in the exoatmosphericportion of the trajectory.

In summary, the velocity, the � ight path, and the azimuth angles
are updated at the end of the gravity turn trajectory as follows:

VG ¡! VG ¡ 1Va ¡ 1Vc ¡ 1Van C V¼

° ¡! ° C ±°; Ã ¡! s (29)

where the ±° variation is the one de� ned in Sec. III.
As mentioned before, it is supposed that the gravity turn ends at

second-stage burnout, whereas the third stage, being in a vacuum
� ight, will follow the optimal steering law hereafter speci� ed. Be-
cause ° was imposed to be zero at the end of the three-stagegravity
turn, at the second-stage burnout the � ight-path angle ° has still
a certain value, and it is convenient to allow a coasting phase to
reduce ° and increase the height at the price of some velocity loss.
Note that the coasting phase can also be included in formulas (21)
and (26) considering virtual substages with zero thrust. In such a
case, the coasting time becomes an explicit parameter and has to be
speci� ed in advance. In the present algorithm the coasting time is
determined as the time needed to reduce the � ight-path angle to a
given value °min, and the optimal value °min for maximum payload
can be found by a parametric search.

After the coasting phase, the third stage is guided according to
the linear tangent law:

’.t/ D tan¡1[tan.’0/.1 ¡ t=t f /] (30)

where the pitch angle ’ is the angle between the thrust and the
horizontal direction. This law maximizes the horizontal velocity
u f , satisfying the � nal conditionsh.t f / D h f and v.t f / D 0 (perigee
conditions), where h f is the required orbit height and v is the ver-
tical velocity.4 The steering law (29) depends on two unknown pa-
rameters: the initial value of the steering angle ’0 and the � nal
time t f (subject to t f ¸ tb3). These unknown parameters are found
applying a Newton–Raphson routine to the error vector function:
E D [h.t f / ¡ h f ; v.t f /]. To speed up the computations, the entries
of the matrix .rE/¡1 needed in the Newton–Raphson algorithmare
evaluated using the semi-analytical formulas of Ref. 9.

The guided phase ends at third-stage burnout, and the disalign-
ment loss can be computed de� ning the angle of attack ® D ’ ¡ °
along the guided trajectory[see formula (5)]. At that time, two vari-
ationsof velocityare computed:1) 1V1, needed to reach the circular
velocityat the currentheight, and 2) 1V2, to move from the previous
circular orbit to the target one via a Hohmann-like transfer. These
velocity variations should be performed by the fourth-stageengine.
The propellantmn needed to get such two impulsive thrusts is com-
puted and compared to the available propellant md . If md ¡ mn is
positive, the target orbit can be reached, and some extra weight can
be added to the payload mass mu ; otherwise, one must run the al-
gorithm again with a smaller payload mass. In a few iterations, the
algorithm � nds the payload mass that makes the balance md ¡ mn

equal to zero (within a given tolerance), thus providingthe user with
the following outputs: 1) estimated payload mass, 2) gravity, aero-
dynamical, overpressure, and disalinement losses 3) coasting time,
and 4) azimuth angle.

The estimated payload mass is the maximum payload mass ac-
cording to the present algorithm for the following reasons:

1) The key parameter° f of the gravity turn phase of the trajectory
(� rst and second stages) has been chosen to reduce the gravity loss.

2) The time of the coasting phase has been optimized by a para-
metric search.

3) The third-stage steering law has been chosen to maximize the
perigee velocity at third-stage burnout, thus minimizing the 1V
that has to be provided by the four-stage propellant, in favor of an
increased payload mass.

This strategy is compared to the results obtained by a rather ac-
curate trajectoryoptimizationprogram(the correct values). The tra-
jectory optimizer is based on a hybrid direct/indirect method and
� nds the following optimal parameters to maximize the payload
mass in the required orbit: the azimuth angle, the time and angular
velocityof the pitchovermaneuver (these determinethe kick angle),
the coasting time, and three guidance parameters for the third-stage
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Table 3 Trajectory dataa for target orbit h = 700 km, i = 90 deg

Event t , s 1Vc 1Va 1Vg 1Vd VG Va VN ° °N ha hN

Stage 1 101.5 ¡112 ¡121 ¡649 0 2394 2161 2137 21.9 21.2 48 46
Stage 2 169.3 ¡113 ¡122 ¡825 0 4522 4287 4250 10.1 11.0 100 98
Coast 169.3 ¡113 ¡122 ¡825 0 4264 4264 4250 10.1 11.0 100 98
End coast 211.6 ¡113 ¡122 ¡884 0 4207 4207 4176 6.6 6.3 142 131
Stage 3 319.0 ¡113 ¡122 ¡916 ¡132 7628 7628 7777 0.3 0.1 164 152

aAll 1V and velocities V , Va , and Vn are in meters per second. Angles ° and °N are in degrees and ha and hN are in kilometers.
Estimated payload mass is 1340 kg, payload mass error is 2.0%.

Table 4 Trajectory dataa for target orbit h = 1200 km, i = 100 deg

Event t , s 1Vc 1Va 1Vg 1Vd VG Va VN ° °N ha hN

Stage 1 101.5 ¡112 ¡122 ¡647 0 2410 2176 2067 21.9 22.0 47 46
Stage 2 169.3 ¡113 ¡123 ¡821 0 4558 4322 4188 10.0 11.1 100 98
Coast 169.3 ¡113 ¡123 ¡821 0 4216 4216 4188 10.0 11.1 100 98
End coast 221.5 ¡113 ¡123 ¡889 0 4151 4151 4106 5.3 5.5 140 134
Stage 3 328.9 ¡113 ¡123 ¡917 ¡130 7718 7718 7828 0.8 0.1 160 151

aAll 1V and velocities V , Va , and Vn are in meters per second. Angles ° and °N are in degrees and ha and hN are in kilometers.
Estimated payload mass is 1140 kg, payload mass error is 3.6%.

Table 5 Trajectory dataa for target orbit h = 1500 km, i = 5.2 deg

Event t , s 1Vc 1Va 1Vg 1Vd VG Va VN ° °N ha hN

Stage 1 101.5 ¡112 ¡122 ¡649 0 2396 2162 2539 21.9 17.4 48 46
Stage 2 169.3 ¡113 ¡122 ¡825 0 4527 4292 4663 10.1 10.0 100 98
Coast 169.3 ¡113 ¡122 ¡825 0 4754 4754 4663 10.1 10.0 100 98
End coast 213.3 ¡113 ¡122 ¡889 0 4690 4690 4607 7.0 7.8 130 125
Stage 3 320.7 ¡113 ¡122 ¡931 ¡127 8213 8213 8086 0.8 0.4 155 154

aAll 1V and velocities V , Va , and Vn are in meters per second. Angles ° and °N are in degrees and ha and hN are in kilometers.
Estimated payload mass is 1390 kg, payload mass error is 6.1%.

trajectory.Tables 3–5 compare the results concerning the following
circular target orbits reached from the Kourou launch site:

Table 3, orbit altitude h D 700 km and inclination i D 90 deg;
Table 4, orbit altitude h D 1200 km and inclination i D 100 deg;
and Table 5, orbit altitude h D 1500 km and inclination i D 5:2 deg.
Va in the footnotes of Tables 3–5 is the velocity minus the drag
and overpressure losses, ha is the altitude obtained integrating the
equation Ph D v sin.° / with the velocityv D Va . Subscript N refers to
the results obtainedby the numericaloptimizator,the correctvalues.
From the second-stageburnoutto the beginningof the coastingarch,
only the velocity value is updated by the sum of the 1Van and V¼

terms. Tables 3–5 report the values of the payload mass, as well as
the relativeerror of the payloadmass evaluation.Note that the errors
are well within 10% of relative error.

The method proposed has been applied to a four-stage launcher
only for convenience in explaining the method, but it is applicable
to any number of virtual or physical stages. For instance, the ° f D 0
condition for the selection of the gravity turn trajectory can be im-
posed to the last stage of a three- or two-stage launcher, or as � nal
condition for a reusable launch vehicle. The stop condition for the
gravity turn phase can be changed into the maximum aerodynamic
load conditionq® · .q®/max, where q D 1

2 ½V 2 is the dynamic pres-
sure and the maximum value of the aerodynamical load .q®/max is
a parameter related to the launcher structure.This condition will be
satis� ed as soonas thealtitudemakes theair density½ small enough.
Then, as before,a coasting time can be found by a parametricsearch
and the linear tangent law can be applied to reach the target orbit.

As a further example, the method has been applied to the three-
stage launch vehicle with parameters reported in the Appendix. A
payload mass of 750 kg has been found for the following target
orbit: altitude h D 1200 km and inclination i D 100 deg. This three-
stage case is different from the four-stage one, in particular for the
value of the structural mass ms to be left in orbit: 1107 kg for the
three-stage and 349 kg for the four-stage launcher, and the � nal
mass m f D ms C mu inserted in orbit is about 20% bigger in the
three stage case. Despite this difference, the payload mass error for
the three-stage example is 4%, that is, almost the same value of the
four-stage case shown in Table 4.

V. Conclusions
Launcher performance evaluation can be achieved by trajectory

optimization algorithms that are demanding in computational time
and also require a specialist to choose suitable inputs to allow con-
vergenceof the optimizationprocess. If a fast estimate of the perfor-
mance of a launcher is required, allowing reasonable error, as may
happen in the preliminarydesign of a launch vehicle, it is preferable
to avoid long computationsand to use a fast tool. The usual method
of velocity loss balance results in excessive errors; to improve the
launcher performance estimate, an algorithm has been introduced,
based on the Culler–Fried3 formula for the gravity turn trajectory.
The Culler–Fried method has been generalizedhere to take into ac-
count multistagingand the possibility to use tabulatedexperimental
data of thrust and mass variation. After the gravity turn, the trajec-
tory is completed by a coasting and a guided phase (linear tangent
steering law) so that the algorithm drives the launcher to the tar-
get orbit. Thus, in few seconds the following output is obtained:
payload mass, azimuth angle, coasting time, and 1V losses eval-
uation. Some tests have been run, and all of them show that the
accuracy of the present method is well within 10% of relative error.
The goal of an algorithm, which is fast and suf� ciently accurate,
seems to be achieved. Moreover, the output of the algorithm can be
a good input for more complex and accurate trajectory optimization
programs.

Appendix: Launcher Parameters
The four-stage launcher considered has the following relevant

parameters:
1) The propellant masses of stages 1, 2, 3, and 4 are 87,036,

15,965, 7443, and 370 kg.
2) The structuralmasses of stages 1, 2, 3, and 4 are 13,556, 2058,

913, and 349 kg.
3) The heat shield mass is 440 kg.
4) The reference surfaces of stages 1 and 2 are 7.28 and 7.28 m2.
5) The nozzle surfaces of stages 1 and 2 are 3.95 and 1.47 m2.
6) The drag coef� cients are as follows: at Mach 0.5 CD D 0:22,
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at Mach 1 CD D 0:64, at Mach 2 CD D 0:52, and at Mach 6 CD D
0:25.

The three-stage launcher considered has the following relevant
parameters.

1) The propellantmasses of stages 1, 2, and 3 are 65,059, 23,000,
and 6255 kg.

2) The structuralmasses of stages 1, 2, and 3 are 7309, 2874, and
1107 kg.

3) The heat shield mass is 385 kg.
4) The reference surfaces of stages 1 and 2 are 4.87 and 4.87 m2.
5) The nozzle surfaces of stages 1–2: 2.15–1.72 m2 .
6) The drag coef� cients are as follows: at Mach 0.5 CD D 0:26,

at Mach 1 CD D 0:89, at Mach 2 CD D 0:67, and at Mach 6 CD D
0:36.

7) The � rst-stage average thrust value is 1,779,313 N.
8) The second-stageaverage thrust value is 924,765 N.
9) The third-stage average thrust value is 55,400 N.
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